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Yu and Littlejohn recently studied in arXiv: 1104. 1499 some asymptotics of Wigner symbols with 
some small and large angular momenta. They found that in this regime the essential information 
is captured by the geometry of a tetrahedron, and gave new formulae for 9j, 12j and 15j-symbols. 
We present here an alternative derivation which leads to a simpler formula, based on the use of the 
Ponzano-Regge formula for the relevant tetrahedron. The approach is generalized to Wigner 3nj- 
symbols with some large and small angular momenta, where more than one tetrahedron is needed, 
leading to new asymptotics for Wigner 3nj-symbols. As an illustration, we present 15j-symbols with 
' one, two and four small angular momenta, and give an alternative formula to Yu's recent 15j-symbol 

| with three small spins. 
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INTRODUCTION 



Wigner symbols are re-coupling coefficients of SU(2) representation theory. As such they naturally arise when 
dealing with sums of more than four spins and/or angular momenta in quantum mechanics, and are notoriously 
important in spectroscopy and atomic/molecular physics. Moreover, they also enter different parts of physics ll|, like 
quantum computing Q (in the presence of topological order, and mainly with a quantum group deformation Q), and 
are expected to contain relevant aspects of quantum geometry (in loop quantum gravity and spin foam models [4]-l7|). 
^ ' Although those objects are easily defined, using sums of Clebsch-Gordan coefficients, or inner products of wave- 
Q" 1 functions, it is quite hard to extract their semi-classical behavior, for large angular momenta (not even to mention 
getting a rigorous proof). Moreover, in the typical case of spin-orbit couplings, one may be interested into large 
angular momenta coupled to some intrinsic spins which cannot be scaled. Obviously different behaviors are expected 
i in those different regimes of a given symbol. 

' The most studied Wi gner sy mbol is the 6j-symbol, whose asymptotics is known when all spins are large (the 
\Q , Ponzano-Regge formula. jlll - IT^ ) . or with one being small (the Edmonds' formula [THEH)- Over the years, the 6j- 
' symbol has turned out to be an interesting topic in modern physics, see [l7| which contains additional references. Very 
recent progress include sub-leading corrections to its Ponzano-Regge asymptotics [i~8l - [2Cl | , a new recursion relation on 
the square of the 6j-symbol [2l| and a derivation of its standard recursion relation as a Wheeler-DeWitt equation for 
\ three-dimensional Riemannian gravity (22| . 

When all angular momenta are large, a nice feature of the Ponzano-Regge asymptotics is that all the information 
is captured into a tetrahedron whose edge lengths are basically the six quantum angular momenta. Such a simple 
geometric interpretation is usually not available for larger symbols, which makes their analysis more difficult. While 
a new approach was recently proposed in (23j to classify the various asymptotic regimes of Wigner 3nj-symbols, 
it remains an open issue. In contrast with the generic case, it is interesting to note that the 15j-symbol admits a 
natural four-dimensional interpretation in the coherent state basis, in term of the geometry of a 4-simplex [13, HH (the 
same method has been applied to the three-dimensional Ponzano-Regge model, see H(|). Just like for the 6j-symbol, 
that geometric property can be understood via the recursions satisfied by the 15j-symbol which naturally arise as 
Hamiltonian equations for the quantum 4-simplex (27j . 

Littlejohn and Yu @ have recently obtained a new formula for the asymptotics of the 9j-symbol with eight large 
angular momenta and one small spin (and also for larger symbols, but the method there focuses on this example, 
and we will do the same here). Their method is quite generic and powerful since it relies on previous works of 
the authors which extend the Born-Oppenheimcr approximation in the case the fast degrees of freedom arc coupled 
through a matrix of non-commuting operators. We refer the reader to Q for further references to the method and its 
applications, as we will be more interested in the asymptotics of the 9j-symbol itself. 

The asymptotic formula itself is indeed quite interesting. The information is encoded into the geometry of a 
tetrahedron, and can be re-formulated more conveniently with three tetrahedra. The formula also displays ingredients 
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which arc familiar to the asymptotics of the 6j-symbol, as noticed by the authors of [8|, more precisely the amplitude 
involving the inverse of the square-root of the volume of the tetrahedron, and oscillations with part of the frequency 
given by the Rcgge action of the same tetrahedron. 

This suggests that the asymptotic formula for the 9j-symbol with a small spin may really be derived using the 
Ponzano-Regge asymptotic formula for some 6j-symbol associated to the relevant tetrahedron. This is exactly what 
we show in the present paper, ending up with a quite straightforward derivation. Remarkably, not only the derivation 
but also the final formula turns out to be simpler than that presented in Q. The Section U is devoted to showing this. 

Our analysis further reveals the conditions so that an arbitrary Wigner symbol can be semi-classically described by 
a number of tetrahedra, when some spins remain small. This way we obtain generic asymptotic formulae for Wigner 
symbols, presented in the Section lHl 

As an illustration, we show the formulae for 15j-symbols in the Section IlIII since they may have some interesting 
applications in four-dimensional models for gravity. The cases with one, two and four small angular momenta are 
new. The case with three small angular momenta is an alternative to the recent result of [Io| and our formula is a 
bit simpler since all quantities can be evaluated using only two tetrahedra. It should be noted that the method used 
in j8l-ll0j is surely quite powerful since it has given access to some regimes which cannot be probed with our method. 
So at the end of the day, we think that both methods yield complementary results, with some overlap, and open an 
interesting window towards new asymptotics of re-coupling coefficients. 



I. ASYMPTOTICS OF THE 9J-SYMBOL WITH ONE SMALL ANGULAR MOMENTUM 



A. Notations 



We have tried to use as often as possible the same notations as [8[. The large angular momenta, or spins in the 
sense of irreducible SU(2) representations, are denoted like j <E N/2, and the small spins like s £ N/2. 

However, differences appear regarding angles. We systematically call tp a ,b the (internal) angle between two edges 
a, b of a triangle. Its value is given in terms of the lengths of the triangle, 

COS^a.h = * C , (1) 

where the third length £ c will be mentioned when necessary. 

Lengths are simple functions of spins which will be attached to the corresponding edges, 

„ dcf. . 1 dcf. , ,„ x 

*« = Ja+ g = <W 2 - ( 2 ) 

This is the relation which is necessary for the Ponzano-Regge formula to work. But note that when using Edmonds' 
formula (given explicitly later), those dihedral angles are more naturally given in terms of different lengths y/j a {ja + !)■ 
The latter are asymptotically equivalent to £ a and the difference in Edmonds' formula only appears at sub-leading 
orders. Note also that dj is the dimension of the representation of spin j. 

We denote respectively 9 e and 9 e the external and internal dihedral angles between two triangles adjacent to the 
edge e in a tetrahedron, with Q e = 7r — 9 e . They are obviously determined by the lengths, and satisfy the following 
relation 

COS<p b . c - COStp ab COS ip a . c 

cos a = : : , (3) 

sinv? a ,6 sm ip a , c 

when the edges a, 6, c meet at a node in a tetrahedron. 



B. The formula 



The 9j-symbol comes as a recoupling coefficient, i.e. a change of basis, when describing in different ways the 
rotational invariant subspacc of a tensor product of five spin^Q, say ji (g) ® s ® ji <& jz ■ The invariant subspace is 
characterized by the fact that the sum of the angular momenta vanishes, 

Ji + J 2 + S + J 4 + J 5 = 0. (4) 



It is actually equivalent to look at the projection of ji ® 72 ® s <8> ji onto the spin js. 
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A first basis is obtained by choosing a spin j'13 in the tensor product j\ ® s, a spin j'24 in ]2 <8> j'4, and then consider the 
unique (normalized) vector satisfying J 13 +J24 + J5 = in 313® 324®35- Denote this vector s, j'13), J5, {32, 34, J24))- 
An equivalent basis is obtained by tensoring first j\ with j'2 and choosing a spin j'12 in the decomposition, and similarly 
choosing a spin j'34 in s ® j\. A basis vector is then formed by the unique vector satisfying J12 + J34 + J5 = 0, and is 
denoted |(ji,j 2 , 312), 3s, (sj^ju))- The 9j-symbol is just 

{31 32 jl2 
s H J34 } , (5) 
3 13 J24 J5 

dcf 

where the normalization is a product of dimensions, dj =' 2j + 1. 

The asymptotics when all spins are homogeneously scaled is given for instance in [28| . 

The result of [8| is an asymptotic formula for the 9j-symbol with one spin, s, being small (i.e. not scaled) while the 
other eight spins are homogeneously scaled by a large number. We will prove here an equivalent but different formula 
in that case. While the relevant quantities in the formula of § need three tetrahedra, all of them are here contained 
in only two tetrahedra. It is the following 



31 32 312 1 t_iyi3+j2+3:u+j5 + s 

s 34 334: > ~ 1^^^^=^^^^^ COS 

Jl3 324 35 J ^1^34(12^1) 



E (i. + JW' + z-M*-^)-"^ 



4;V-^i,34). (6) 



_eCteti 

In the above expression, 

• the sum in the cosine runs over the six large angular momenta {j e }e with e = 1, 2, 34, 5, 12, 24 ; 

def def 

• jj, =' j'13 — ji and v =' J34 — j'4, those two differences have the same order of magnitude as s. due to the triangle 
inequalities (or Clebsch-Gordan conditions) between the spins (ji,s, j'13) and also between (s, j'4, j'34); 

• Vi and {ei 1) } e= i, 2,34,5,12,24 are geometric quantities associated to tetrahedron teti in Figure Q} V\ is the volume 

of the tetrahedron and Oe is the angle between two external normals to the faces adjacent to the edge e 
(external dihedral angle); 

• </?i.34 is associated with the tetrahedron tet2 given in the Figure [T] it is the angle between the edges 1 and 34; 

n (2) (2) 

9\ and 9\ are respectively the internal dihedral angles between the faces adjacent to the edges 1 and 34 in 
tet 2 . 

• d^ is the Wigner d-matrix with spin s, with the convention = (s, [i\e~~5' , " Jy |s, v). 

The formula holds in the classically allowed region away from the caustic, i.e. where the volume V\ of the tetrahedron 
teti is not close to zero. 




FIG. 1. Tetrahedron teti on the left, constructed with the six lengths {j e + 1/2)6=1,2,34,5,12,24, whose faces are the triads 
(1, 2, 12), (2, 34, 24), (34, 5, 12) and (1, 5, 24). We call J e the vector associated with the edge e. Their orientations are such that 
J12 = Ji + J2, J24 = J2 + J34, and J34 + J5 + J12 = Ji + J5 + J24 = 0. Tetrahedron tet2 on the right is constructed from the 
vectors Ji, J2, J34, J5, J24- The last vector J14 is simply the sum Ji + J34.. 



The tetrahedron tet2 is built by gluing the triangles (2, 34, 24) and (1, 5, 24) along 24, similarly to tetrahedron teti, 
but after flipping one of the triangles. This means that 2 and 5 meet at one end of 24, and 1 and 34 meet at the other 
node. To completely determine tet2, one has to set the dihedral angle between the two triangles. It is = ■ 
This can be deduced, like in Q, from the vectors representing the classical angular momenta, which are drawn on the 
Figure [T] This is indeed equivalent to adding to teti the parallelogram spanned by J2, J34, and observe that tet2 is 
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FIG. 2. That is a unified view of the two relevant tetrahedra teti and tet2. They form a pyramid with a parallelogram basis 
spanned by J2, J34. Without using the vectors, one can define tet2 by setting the angle 6^ = tt — 9^ , which is obvious in the 
picture, and that makes it possible to evaluate the additional length j'14. 



the tetrahedron between the parallelogram and teti. That observation is summarized in the Figure [2] which offers a 
full view on the two relevant tetrahedra. 

Our tetrahedra are closely related to those used in 0. Their first tetrahedron is like ours but with J 4 instead of 
J34 (notice indeed that they differ only by a vector of order s). Their second tetrahedron is built just like tet2 from 

teti. Because we are using a different first tetrahedron, the Regge action J^ecteti {je + 5) ©e in the cosine is not 

the same. The difference, which can be observed in 0], is a term 2^834 . This adds to the explicit v contribution in 

@, which becomes z/( 34 ~ ®fl )■ That 

new angle can be interpreted with the introduction of a third tetrahedron, 

which is the additional tetrahedron of M . 



C. Direct derivation of the formula 

Our derivation starts from a decomposition^ of the 9j-symbol in terms of 67-symbols [28] 

I ^ V ' Ij34 J5 X I \J2 X J 2 4 J I X Ji S I 



S 

jl3 724 75 



The range of summation of x is finite due to triangle inequalities, x is bounded from below by max(|j24 — s\, \ji — 
js I , I j'2 — 734 1 ) , and from above by min(j2 4 + s, ji +35, ji +734). Now the regime we are looking at, away from the caustic 
where the volume of teti becomes close to zero, ensures that neither max(|ji — j 5 \, \j 2 — j'34 1 ) nor min(ji +J5, J2 +J34) 
are close to j'24 up to terms of order s. Hence, from the non-degeneracy of teti, we known that x runs from j'24 — s 

to j'24 + s. Introduce £ d =' x — j'24 which lives in {— s, . . . , s}, and write j'13 = ji + fi, J34 = ji + v. Then, 




Ji + M J24 75 M 71 72 712 
724 +£ jl S J 1 J34 j 5 J24 



(8) 



We observe that there are two different situations for the above 6j-symbols. The last one does not contain s, so 
that its large spin behavior is given by the Ponzano-Regge formula. The other two 6j-symbols only have five large 
spins, and their asymptotics are given by Edmonds' formula. 

The presence of the symbol { ^ ^ jll+z } m © w ^ u make clear why the geometry of the tetrahedron tet! is 
important. It is indeed well known that the asymptotics of that symbol is described using a tetrahedron geometry, 
with oscillations following the Regge action for that tetrahedron. Precisely, 



7i 72 712 



734 75 724 +i] y/l2ltV(t) 



< S "«> + « (9) 



2 There are several such decompositions. Those we are interested in are such that the summed variable, here x, has to satisfy Clebsch- 
Gordan conditions with the small spin s. There are four such possibilities. In our choice, j'24 will play a spcial role in the following. But 
we could have equally well chosen j'2, jl2 or j'34 instead. 
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V(£) and <Sr(£) are the volume and the Regge action of the tetrahedron constructed with the lengths fa + 1 /2, fa + 1/2, 
ii2 + 1/2, .?34 + 1/2, j5 + 1/2, j24 + C+ 1/2, in such a way that the triangles are formed by the spins which are coupled 
in the 6j-symbol (through Clcbsch-Gordan couplings). Since that tetrahedron differs from the tetrahedron teti only 
due to a small £ of order s along the vector J24, one can relate <Sr(£) to the Regge action of tetrahedron teti via 

&(0«4 1) +e®& ) , -th sg)^- £ (ie + ^W). (10) 

ecteti ^ ' 

Here, the difference between the dihedral angles © e (?) appearing in and the dihedral angles 0e of teti have 

been omitted thanks to the Schlafli's identity (it makes sure that those sum to zero on the six edges of the tetrahedron). 
Besides, the variations of V with £ are irrelevant at the leading order, so that V(£) « V\. 
The other two 6j-symbols can be expressed using Edmonds' formulcjfl [28| : 

S J34 ~ V J34 I ^ I i J i s / \ nn 



1.724 + £ il Sj y^^T 

We use symmetries of the Wigner matrices to write d_£_„ (9234,24) = (— l) s ~^ d_^ I/ (7T — 9534,24). Inserting those 
asymptotics in (|8|) and relabeling the sum by £ M- — £, we get 

{9j} ra J 5 no t/ \ " E cos (4 } + T - ^24) d£W) d s j(7r - 9534,24), (13) 
V rf Ji d i34 (127rVi) ^ s V 4 J 

The sum over £ is almost a matrix product between the two Wigner ci-matrices, but not exactly because the 
argument of the cosine docs depend on £. Nevertheless the sum over £ is a matrix product of Wigner D-matriccs. To 
see that, we simply write the cosine as a sum of exponentials. Let us call A the prefactor of the sum. We get the 
following expression 

{9j}^Ae^ )+ ^ £ dW( Vl ,24)e-* e « dgfr - 9534,24) + c.c, (14) 

where 'c.c' denotes the complex conjugate of the whole expression. By definition of the Wigner D-matrices, the sum 
can then be re-expressed as a matrix product, 

E d 2(^24)e-^ dgfr - v>34,24) = D« (e"^^ e- ie -^ e -^-^«)*) . (15) 
S 

We have used above the notation in terms of SU(2) rotations, written with the Pauli matrices as generators. The 
last step of the calculation is to rewrite the relevant product of rotations as a single rotation parametrized by its 
Euler angle^j. That rewriting, from the angles 931,24, ©24) ^34,24 to Eulcr angles, will naturally be encoded into the 

(2) (2) 

geometry of the tetrahedron tet2- Explicitly, we define three new angles 9\ , 931,34, # 34 by 

e -i¥>l,24^- g-i^T e -i(7r-V34,24)^- _ g-i( 7r - e i e -iO-Vl,34)^- g-if^T. (16) 

The relation between both sets can be found in textbooks like [28| . Since all our angles lie in [0,7r], wc can simply 
make use of the SO(3) relations, 

cos 951,34 = cos 991,24 cos 9534,24 + sin 931,24 sin 9534,24 cosQ^f, 

(2) cos 951,24 - cos 9534,24 COS 951,34 ( 2 ) cos 9534.24 - cos 951,24 cos 951,34 

COS fo 4 = , COS t/i = , 

sm 9934,24 sin 951,34 sm 951,24 sin 951,34 

sm6^ 2) = singff = sin 9^ 
sin 9534,24 sin 951,24 sin 951,34 



It gives the asymptotic behavior of a 6+symbol when one spin is much smaller than the five others, 

(a b c\ a,b,o>m,nJ (-l)°+H-c+/ +m (/ ) 



> + m a + n fj ^ (2a + 1)(26 + 1} d ^(Va,b), 

where ip a j, is the angle between the edges a and b in the triangle constructed with the three lengths l a , l^, l c . 

Our convention for the Euler angles is the form g = e~! aa "e~l^ s e~l 1 °' for g S SU(2), together with cr z = diag(l, —1), cr y = (? ~'). 
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As our notation suggests, those new angles have a nice geometric interpretation with the help of the tetrahedron tet2- 
The latter appears in the following way. Those equations characterize the relationship between 2d and 3d angles 
for three triangles forming the 'top' of a tetrahedron, as displayed in Figure El The initial angles V?i,24, @2i, y>34,24 
enable to draw three links, 1, 34, 24 meeting at a node, with two 2d angles being ifi^i, f34, 24 and the (internal) angle 



between the planes (34,24) and (1,24) being Q 2i . Then the above formulae make it possible to evaluate the three 

(2) (2) 

remaining angles. The first equation states that (^1,34 is the angle between the edges 1 and 34. And 8\ ,#34 given 
by the above formulae are the two other internal dihedral angles. Those geometric considerations arc summarized in 
Figure [3] This is exactly the geometry of the 'top' of tet2, see Figure [TJ where 1, 34, 24 mee10. 





(2) (2) 

FIG. 3. Geometric interpretation of the Euler angles ^1,34; $i and "34 • 
tet2, defined in Figure [1] and re-depicted here on the right. 



They appear naturally as characteristics of tetrahedron 



The element D$ of the Wi gner D-matrix of the relevant SU(2) rotation can then be written in term of the element 



d^ s j of a d-matrix, so that the 9j-symbol takes the following form 



{9j}«Acxp [i + J 



/UI7T 



? (2) 



)- 



o(2) 
7 :!4 



d$0T-¥>l,34) + CC, 



that is to say 




( — IV I3+J2+J34+J5+* 

y/d h d j34 (127TFTT 



COS 



7T 

4 



ft 



n(2) 
7 34 



dL S J(7T - ^1,34). 



(18) 



(19) 



This is exactly the formula (J6)). 

Since our formula is different from that of Yu and Littlcjohn, it is worth comparing it directly with numerics. From 
the derivation, it is clear that our formula holds as long as the Edmonds' and Ponzano-Regge formulae do. The 
comparison with the numerically computed 9j-symbol is indeed very good, as it can be seen on the plots of Figure 

UJ To show that the agreement becomes better at large spins, we used the symbol ^ 1 60 61 >, Figure 4(c)| for 



2ni 
1 60 

L Jl + I 324 

values of j\ from 63 to 160. For the smallest values of j±, the approximation breaks down because the volume of 
teti becomes negative. The same phenomenon is observed on Figure 4(a) and the error plot |4(b)| where the error 
increases when we reach the low and high values of j'24 ■ 

430 30 430 
1 60 61 

431 j 2i 430 . 

approximation is still good when teti is distorted with some large angular momenta larger than other. 



Notice that the corresponding symbol is j ^ 60 61^ |, whose large spins differ by a factor 10. It means that the 



II. ASYMPTOTICS OF 3NJ-SYMBOLS WITH SMALL AND LARGE ANGULAR MOMENTA 

A. Decomposition of a 3nj-symbol 

For n > 4, there exist several ways to define a 3nj-symbol. For instance, in the case n = 4, one can define two 
different kinds of (irreducible) 12j-symbols. We restrict the discussion to the first kind, in the terminology of [29l |. 



5 Note that the edges 2 and 5 are somehow irrelevant here. This means that from the tetrahedron tet2 only the apex where (1,34,24) 
meet is interesting, while the base triangle formed by 2, 14, 5 does not provide interesting information. 



(a) 



(b) 





FIG. 4. On [4(a)|[4(c) 4(d)] the points correspond to the exact 9j-symbols and the curve to the asymptotic formulae. Figure 

■ I 430 3U 430 "I . . 

4(a) is the symbol | 1 60 61 | and 4(b) plots the absolute difference between the exact values and the asymptotics. Figure 



4(c) plots the symbol 



i-L+4 



ii+3 



1 60 61 

il + i 324 TT 



and Figure 4(d) the symbol 



51 53 



128 



2 2 

1 11 

2 2 
25 27 j 5 



24 



whose decomposition in terms of 6j-symbols is 



Jl ]2 ■■■ Jn 

h h ■ ■ ■ In 

k\ k 2 ... k n 



h fa x 
fa h h 



jn — 1 fen — 1 % 
fen jn ^n — 1 



jn fen 
jl h l n 



where R n d =' Y^i=i3i + &i + h- in Equation f[2Q|) , we wrote the 3nj-symbol so that the coupled spin triads appear 



(20) 
pe; 

; {fen — 1 j ^n—li f^n) i {fen : ^n: jl j 



easily, namely: (ji,h,j 2 ), {hM,h), Un-iJn-iJn), (jnJmfa), (ki,k,fa), 
Those couplings are also fully represented in the involved 6j-symbols. 

Symmetries of the 3nj-symbols can be deduced from the symmetries of the 6j-symbols in the above decomposi- 
tion 1281 ] . It is convenient to distinguish two groups of spins which have different roles, (ji, . . . , j n , fa, . . . , k n ) and 



. . . , l n ). Then the 3nj-symbol is invariant under simultaneous circular permutations within those groups. It is also 
invariant under the exchange of the j-row with the fc-row. 



B. Hypotheses - applicability of the method 

Almost all the angular momenta are large, and a few of them can be chosen not to scale. Our method applies when 
the following conditions are satisfied: 

1. one and only one spin among jx, . . . ,j n , k\, . . . , k n is small, every other small spin must be an If, 

2. we are away from the caustic, i.e. the volumes of the tetrahedra associated with the 6j-symbols in (|20[) which 
do only have large spins are far from zero. 



3. the small U must be chosen so that in each 6j-symbol of the decomposition (|20[) . there is at most one small spin; 
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The two first conditions ensure that the summed variable x in ([20]) is of the order of the large spins, while its range is 
controlled by the small spin chosen among (ji, . . . ,j n , k±, . . . , fc n )H- Precisely, ifj'i is small, then fci — j\ < x < k±+ji. 
The last restriction enables us to use standard asymptotic expressions of the 6j-symbol, the Ponzano-Rcgge and 
Edmonds' formulae. 



C. Asymptotics of the summand 



Without loss of generality (thanks to the symmetries of the symbol) we choose j\ to be small. Let also {l m }mes 
be small, for a set of integers S C {2, . . . , n — 1}. Wc introduce the following half-integers which are small due to the 
triangular inequalities, 



£ d =' x — fci 

dcf. . , 
/" = 32 - h 

, . 4ft- k _ , 

is — - r^n, in, 



and 



Vra G $ 



dcf. . 



(21) 



where £,[i,v e {-ji, . . . ,ji} and Vm e <£" rj m , K m E {-l r , 
for each 6j-symbol involved in (I2TJ1) . 



, / m }. We are now ready to use asymptotic formulae 



1. 6j-symbols with one small spin 
Edmonds' formula applies to the 6j-symbols with one small spin, 



and Vm £ S 



ji h x 

k 2 h h 

jn fan % 

ji h l n 



jrn km 
^rn+ 1 3m-\- 1 'm 



( _ 1)(J - 1+ o +(3 - B+ ,, +fcl ) 



f_1^(Km+im) + (jm+fcm+fcl+S) „ , 

=_ dtljVm). 



(22) 
(23) 

(24) 



The angles </>i, </>„ and (<y3 m )me<f are defined geometrically in Figure [5] As we perform all the calculations to the 
leading order, we can neglect the variations of ip m with £, namely we take k\ instead of k\ + £ for the construction of 
the triangle (j m , k m , k\ + £) in the Figure[5] Also note that l\ w and l„ m k n , because j\ is small. 






FIG. 5. Definitions of 4>i, §n and ((p m )m,e<s as angles in triangles. Each edge e is labelled by a spin j e which indicates its length 

to = VMje + 1) « je + 1/2. 



In fact, that explains only why we need at iearf one small spin among (ji, . . . ,j n , ki, .. . , k n ). The reason why we must have at most 
one appears later. The main idea is to ensure that the sum over a: is a product of two Wigner matrices. 
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2. dj-symbols with six large spins 

Let s be the set of labels p corresponding to 6j-symbols with six large spins, namely @* d ==' {2, . . . , n — 1} \ S . 
We apply the Ponzano-Regge formula to those symbols, and use the same development of the Regge action as in 
Equation (flU)) to get for all p S 3? 

Jp kp X \~^—. co S (s^+^ + ^), (25) 



kp+i jp+i Ipj ^12ttV % 

where V p and are respectively the volume and the Regge action of the tetrahedron tet p depicted in Figure [51 It 
is constructed in the usual way from the 6j-symbol in the left-hand side (f2"5|) . for £ = 0. 




FIG. 6. Tetrahedron tet p canonically associated with the 6j-symbol j j* j- Each edge e is labeled by a spin j e which 
indicates its length £ e = j e + 1/2. 

The Regge action of that tetrahedron is explicitly given by d = X^ectct (je + l/2)6i P \ where 0^ is the 
external dihedral angle at the edge e in tetp. 



D. Evaluation of the sum 



Gathering the above pieces into the decomposition (|20|) of the 3nj-symbol, we obtain 



{3nj} 



(-l)^W 



n -== 



cos ( 5 



(26) 



withM d = |<f| and r n (S) d = i? n + („ + M-l)(fc 1 +j 1 ) + (//-j 1 ) + (fc 1 + fc 2 + Z 1 ) + (fc 1 +j„ + / n ) + ^; me( g, j m + / m + fc m+ i- 
In practice, we expect that this asymptotic formula can be used numerically. Every angle which is involved has a 
precise definition in terms of the angular momenta {ji, k%, h}i, and sums and products are Unite. 

But we can go one step further and recast the sum over £ as a D-matrix product. That leads to a general asymptotic 
formula for 3nj-symbols, which we do not think is more powerful in terms of numerical computations, but which has 
a clearer geometric meaning. 

As in the case of the 9j-symbol, we extract £ from the argument of the cosines by writing each cosine as a sum 
of complex exponentials. Expanding the product of cosines and re-organizing its terms, we obtain the following 
combinatorial expression 



n c ° s (^r 



(p) 



i 



2 p+i 



E 

{Op=±l, 

pG3?} 



exp i 



E< 

pes* 



i>e,- 



(27) 



dcf. 



where P \&\ is the number of Ponzano-Regge formulae which we have used. Note that in 
symmetry (a v — > ~a p ) of the sum to make the complex conjugation explicit. 



we have used the 
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We perform the sum over £ for each configuration {a} independently. Since ji and £ may not be integers, we write 
(_l)(n+M)Ui-£) = cxp i7r( n + M)(ji - £) and define the angle 

+ (mod 4^). (28) 

The reason why it is defined only modulo 4tt is that generically j\ £ N/2. The sum over £ reads 

£ d^ ) (0 1 ) e - i ^ > d£\<j> n )=D^(e-^ e-*<" e~^). (29) 

e=-ii 



Like in the case of the 9j-symbol, the final step is to find the Euler angles of the SU(2) rotation on the right hand 
side. They have a nice geometric picture as angles of a tetrahedron, but provided u ranges in an interval of size 7r (so 
that it can be a dihedral angle). Since is generically in [— 2tt, 27r], we distinguish four cases. 

1. Case 6 [0, it]. The formula for the Euler angles show that wj^ has a natural interpretation as an external 
dihedral angle. So we consider the tetrahedron tet/g.} depicted in Figure[71 defined by the gluing of the triangles 
(ki,k n ,j n ) and (fci , Zi , ^2) (which carry the angles <\>\ and 4> n , see Figure [5]) with dihedral angle 

0£ } ^-7r-w£ } . (30) 

It is such that 

£>«i)( e -**i*» e -i(-< } )^ e -4*-'») - e^i? dj^fo^J e" 1 ^- 1 , (31) 
where the angles are shown on Figure [7] and satisfy the relations (JTTJ) . 

2. Case wj£ G [— 27r, —it]. Then we write 



3 {cr} dcf. {a} /ooN 

V = -^-^ > (32) 



which is in [0,7r]. Notice that 

e -i£<> = e 2i.« e -i(^-<>)£ = e 2i^ e -i<.*-otf)e. (33) 
Hence, we are back to the casc[TJ and the final formula only differs by a phase (— l) 2jl . 

3. Case u^p G [— 7T, 0]. We will have again the tetrahedron tet{ CT } where the internal angle at fci is 

ei: } = *+4:\ (34) 

Using the symmetries of Wigner matrices, we find that the relevant matrix element of the SU(2) rotation is 

D<jO( e -**i*» e -H?°* e -**»*„) = e ^ii D U ll(e-i e 'i } ^ e ~i^- <t>* e^*-'™)*-). (35) 

4. Case G [77, 2n]. The internal angle of tct{ CT j is 

gj*} + (36) 

Following the reasoning of (|3"3"|) . we conclude that it differs from the case[3]only by a factor (— l) 2jl . 
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FIG. 7. Tetrahedron tet| CT j associated with a sign configuration {a}. It is determined by the triangles (fci, fe, £1) and (j n , In, ki), 
and by the angle between them, which in turn determine the length AB. 



E. Final asymptotics formula 



The above cases fit into a not-so-complicated formula. 



{3nj} 



(_!)»•„ 



2 p ^dZ 



n 



i d (U) 



(<Pm) 



E 

{<Tp — ±l} p£ ! 



E 



^(^ ) + f)+^ + M)j 1 + /w| d^(^). (37) 



• & is the set of tetrahedra on which the Ponzano-Rcgge formula has been applied, depicted in Figure [51 and 
P = \S?\. <§ is the subset of {2, . . . ,n — 1} corresponding to the small spins l m , with A/ = |<?|. The global sign 
is given by r n (S) = R n + (n + M - l)(ki +ji) + (p-ji) + (ki+k 2 + h) + (ki +j n + l n ) + Eme^ 3m + l m + fc m +i- 



• fx = j'2 — Zi and v = k n — l n are small, of the order of magnitude of j\. Also k„ 
are of order l m for m <E 



• Vp an d 5p > ' ) are the volumes and Reggc actions of the tetrahedra tet p , depicted in the Figure [5] and which have 
only large spins. 

To each sign configuration {a}, we have assigned a tetrahedron tet{ CT }, Figure [71 defined by the gluing of the 

(n + M)n - J2 P e3* a p®fci m tne above 



two triangles along k\ with a dihedral angle given in term of 



Lo\ a ^ as follows, 



subsection. The function fffi depends on the value of ^ 



if 



4r } 



G [-27r,-7r], 



if W r ; g [-Tr.o], 



if4 CT} G[0,7r], 



(38) 



Wf° } +^/; } ) +27ri! if^ } G[7r,27r]. 



The angles <^°| ,9^,6^ are evaluated from the angles <^i, 



i> n ,oj,^ following the Figure [7j 



In our final result, there is a remaining sum over sign assignments {cr}. It is of combinatorial nature, and the initial 
sum over the intermediate spins x has been fully performed. Notice that the combinatorial sum contains a priori 
2 P terms, but only 2 P ~ 1 are actually different. This sum assigns different frequencies to the oscillations, since in 
particular it sums over the Regge actions of individual tetrahedra with all possible signs. That phenomenon has also 
been observed in (2(|, where the authors looked at the asymptotics of the Ponzano-Regge model for 3d gravity on 
handlebodics and found a sum over 'immersions' with different frequencies like here. 
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III. EXAMPLES: ASYMPTOTICS OF 15J-SYMBOLS WITH SMALL AND LARGE ANGULAR 

MOMENTA 



A simple example is obviously the 9j-symbol with a small spin, treated in the first section. It corresponds to the 
case where there is a single sum over a — ±1. and wj^ ^ [~27r, —it]. 

We now derive an asymptotic formula for the 15j-symbol with three small angular momenta, producing an alternative 
to the formula of flol ]. and formulae when one, two, three and four small angular momenta. The latter are new to 
our knowledge. In particular, though the formulae derived in (lf3 [ look similar, they apply to different, non-equivalent 
choices of the small spins. 

Using the notation of [2!| , we have 

l h i, " k h k 31 >. '" 4=E«-^{i' ki !){? k2 riir k * ?) 

[h k 2 k, k, ks J , \k 2 x j, hl\k t 34 hi 



{k 


&4 x\ 


f J5 


k 5 ccl 


1*6 


k h] 


\jl 


ki l 5 J 



where R5 = Yl^—i ji + fcj + h- In what follows, we always assume that j\ is small. Thus, every other small spin must 
be chosen among I2, I3 and I4 (see subsection III B|) . 



1. Four small angular momenta 



Assume that ji, 1%, h and Z4 are small. According to the notations of this section, we have 

<f = {2,3,4} and & = 0. (40) 

It is easy to see from the derivation of (|37[1 that if = then there is no sum over combinatorial sign assignments, 
{<r} = {0}. The corresponding tetrahedron tet^} is flattened to a triangle with (fi lt i 5 = 4>i + 4>§. The reason is 
that in the decomposition (|39|) . all 6j-symbols have one small spin, so that no Ponzano-Reggc formula gets involved. 
Consequently, there are no oscillations with some Rcgge action. Applying directly the general formula leads to 

{i5j} = ===* , , Ci(^) ^iM) <^iM) *$\<h + 0s), (4i) 

^ j a; 5 aj 2 dfc 2 cijg dfc 3 a J4 a/c 4 

..1 def. T , def. . . dcf. . ; , dcf. T , 

with K m = fc m+ i - k m ,r) m = jm+i -Jm,fi = J2 - h, and v = K5 - I5. 

That expression can be simplified. Since I2, h and I4 are small, we have ji ~ J3 ~ ji ~ js, and &2 ~ &3 w £4 ~ fcs. 
Thus the triangles (j m -,k m ,ki) m< zg, .72,^2), and (fci, £15) defined in Figurc[5]arc identical. Consequently, we 
have </?2 ~ 9?3 ~ 924 ~ 7r — 0i — </>5. The last (approximate) equality is simply due to the fact that the sum of the 
angles in a triangle is equal to 7r. The situation is illustrated in the Figure |S] 




FIG. 8. Triangle denning the relevant geometric quantities for the asymptotics of the 15j-symbol with four small angular 
momenta. 



This finally leads to 

{I5i} « 3V d£> 2 ) d<& fo) dJW (42) 

In [To| . Yu gives an expression for the asymptotics of the 15j-symbol with four small spins chosen among the five li. 
Although this configuration is different from ours, both formulae look quite similar. 
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2. Three small angular momenta 



We assume that j\, I2, and I3 are small. The set of 6j-symbols on which we apply the Edmonds' and Ponzano-Rcgge 
formulae are 



^ = {2,3} and ^ = {4}. 



(43) 



There are 2 sign configurations, 04 = ±, that we denote respectively (+) and (— ). Their contribution in the combi- 
natorial sum are equal, so we consider only the (+) situation. The formula, once simplified, is 



{15j} 



(j,6 



(+) 



vB 



(+) 



■ JlTT 



(44) 



where </32(~ ^3) is defined as usual; V4 and arc the volume and the Rcggc action of tct.4, given in the Figure 9(a)| 



and the angles ipj^i 



9\^' and belong to tet( + ), represented in the Figure |9(b)[ The latter is built by gluing the 



(+) dcf. 



9 k 4 \ i.e. the external dihedral angle of tet4. 



triangles (fc^/i,^), {k\,l$, j$) with the dihedral angle 9 ki 

The attentive reader may have noticed that the tetrahedron tet( + ) includes the triangle (j'4, £4, hi) whereas for the 
general case (tet^j, in Figure [7]), we used (Zi,fc2,&i) instead. Both are actually equivalent since j'4 pa j'3 « ji and 
ki pa k3 pa fe. Here, we have used that triangle to make contact with tet4. 

The tetrahedron tet(+) is built out of the tetrahedron tet4 in exactly the same way the second tetrahedron (named 
tet2) was built from the first tetrahedron in the case of the 9j-symbol with one small spin. Indeed, one flips one of 

the two triangles which share fci, and set the external angle as the new internal angle. 

The underlying reason is that for the 9j-symbol with one small spin, just like for the 15j-symbol with three small 
spins and for any 3nj-symbol with (n — 2) small spins (chosen according to the hypotheses of Section [II Bp . one makes 
use of a single Ponzano-Rcggc asymptotics formula. Therefore only one tetrahedron with large angular momenta is 

= 2ir(n — 2) + 9k l - Studying the range of w^, one finds that the 
•fej , i.e. the external angle of the reference tetrahedron. That means 



(+) 



involved with dihedral angle 9k 1 at fci, and u ki 
internal angle at k\ in tet( + ) is always 



,(+) 

1 kt 



that the second tetrahedron is just built out of the first by the process we described. 




(a) tet4 which defines Vi,S^ 
internal dihedral angle 9' 




(b) tet(_|_i which defines the geometric 



quantities V^j., 



and 9 



(+) 



FIG. 9. Tetrahedra tet4 and tet(+). 



In [Ioj |. Yu has obtained an asymptotic formula for the 15j-symbol with ji ,^3^4 being small. In that case, the 
tetrahedron of reference on which we have to apply the Ponzano-Rcgge formula is tet p= 2 from the Figure [S] However, 
Yu used a slightly different tetrahedron, which makes the formula a bit more complicated in the sense that one cannot 
express all the needed angles as angles from two tetrahedra only. Consequently the relevant Regge action is not the 
same as ours. Once the difference between the Regge actions is taken into account, it is possible to go from our 
formula to his' and to recover the geometric interpretation of his variables. 
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3. Two small angular momenta 



We assume that ji and I2 are small. The set of 6j-symbols on which we apply the Edmonds' and Ponzano-Regge 
formulae are 

# = {2} and ^ = {3,4}. (45) 

There are 2 2 = 4 sign configurations, ((73,(74) = (++), (H — ), ( — h), ( ). Thanks to the symmetry of the combina- 
torial sum, we can consider only the cases (+±). 

We now have two tetrahedra, tet3 and tet4, with large angular momenta as in Figure [5] for p = 3,4. To avoid 
distinguishing behaviors depending on their dihedral angles, we assume that they are nearly regular, so that their 

angles are close to 6> rcg = arccosl/3. Also we assume without loss of generality that 9^ — 9^ > 0. 
The asymptotic formula is then 

(_l)33+l3+j4 + k i +h+kr a +j 1 +n+2k 1 f , 

+ (-1) 2 * COS (Si? - S!, 4 ' - (< + -> - <"')] ■ (46) 

The volumes V 3 , V4 and Regge actions S^, are associated with the tetrahedra tet 3 , tet4, see Figure |U The 

angles Vj3~fc r \ "j^ an d are defined in Figure HU1 which pictures tet( + -|-). 

Let us explain how to get the secondary tetrahedra tet( + -|-). Notice that tet3 and tet4 have a common triangle, 
(fci , J4, £4). Hence they can be glued together, in two different ways, either from the outside or one inside the other. We 
remove the common triangle (ki, 74, k^) so that the angle at k\ between (fci, j 3 , fc 3 ) and {k\, 75, ks) is either 9^ +9^\ 

The generic study tells us to consider the angle wjfj^' d =' 67r — 0^ =p ©j£ . One gets 

^=^±^-(1^1)^ (mod 4*), (47) 

which implies G [0, n] and ' G [— 27T, — 7r]. As a conclusion, the tetrahedra tet( + j-) are built by flipping the 

triangle {ki,j§, fcs) so that k§ meet j'3 while j'5 meet fc 3 . Then from those five lengths, get a tetrahedron by setting as 
the new dihedral angle at fci 

( 48 ) 

like in Figure [TOl 

In [loj a formula for the 15j-symbol with two small angular momenta is given, which are l^,^. That configuration 
is not the same as here, but the formulae look quite similar. A notable difference is the denominator of the amplitude 
which is here the product of the volumes of the two relevant tetrahedra, while it is more complicated in (loj . 
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4- One small angular momentum 



We assume that only j\ is small. The set of 6j-symbols on which we apply the Edmonds' and Ponzano-Regge 
formulae are 

S = % and ^ = {2,3,4}. (49) 

There are 2 3 = 8 sign configurations (a 2 , &3, &a)- Thanks to the symmetry of the combinatorial sum, we can consider 
only (+ + +) and (+ + -), (+ - +), (- + +). 

For simplicity, we assume that the three tetrahedra associated to & are almost regular. We get 



{15j} 



48n^/12T:d j2 d k2 V 2 V 3 V 4 



'k 5 



+ d^)(^- 5 +) )cos(^ 2 
+ d^(^.-+ +) )cc 



S- 



(3) 



s 



IT 



2) 



S- 



(3) 



s 



(4) 

r 4 

4) 7[ 

4 



A 



fcr, 



0) 



(-++) 



v6 



(-++) 



- tji 

+ 7Tjl 



+ d^fofij ) - (4 2) + 4 3) + 4 4) + I + + + Til)] • (50) 

The volumes V3, V4, V5 and Regge actions Sj^ , Sjt j £r are associated with the tetrahedra tet2, tet3, tet4, respec- 
tively, see the Figurc|l]for p = 2, 3, 4. The angles 8^ an d belong to the tetrahedra tct( ±±± ). They 
arc defined by the five spins ki,j 2 , k 2 ,js, k§ which form two triangles glued along k\ like in Figure [TT] To complete 
their definition, we set the dihedral angle at k\ to be 





-+) = d(2) 
fcl 




+< } 


— 7T 




->=*- 




c+ 




(+- 

fcl 


- + )=7T- 


^ + 


c- 




ir 



















(51) 



Note that since tet2, tet 3 , tet4 are close to being regular the above angle indeed lie in [Q,n]. 




e : -e' 



,«4, 



FIG. 11. Tetrahedron tet(_| |_) which defines the geometric quantities ip^ 



,(+-+) 



and 



,(+-+) 
1 H 



given 0i, 



and 9 



(+-+) 



The intuitive way of building those tetrahedra is by first gluing tet2, tet3 along their common triangle (&i,i3, ^3). 
There are two different ways, either on the outside, or one inside the other. Then, one adds tet4 by gluing it along the 
triangle (fci, j'4, £4), and there are here again two different ways to do so. Finally we focus on the triangles {k\, j 2 ,k 2 ) 
and (fci,j5,fc5) which can be completed to a tetrahedron, and we consider the tetrahedron which complements that 
one when drawing the parallelogram spanned by (j'2 , k 2 ) . The final internal angle is given by (|51[) , depending on the 
chosen way to glue the three initial tetrahedra. As an example, we give tet^ |_) in Figure [TTJ 
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IV. CONCLUSION 

We have shown that the result of Q can be recovered by direct application of the Ponzano-Regge formula (together 
with Edmonds' formula), making clear the way the asymptotic information is encoded into the geometry of a tetrahe- 
dron. Moreover, the conditions of applicability of our method have been given and we derived new, explicit formulae 
for asymptotics of arbitrary Wigncr symbols with some large and small angular momenta. Our method is simpler 
than that of Q, as far as Wigner symbols are concerned, and provides us with complementary results. 

Some directions for future research are proposed in the Conclusion of Q and are definitely of interest. 

We would like to mention in addition that beyond the asymptotic formulae for specific symbols, the regime where 
some spins remain small should deserve attention, because the geometric content is simply contained in tetrahedra. 
In particular, it may be investigated in terms of recurrence relations. As argued in [3(|, the latter provides a preferred 
way to encode the geometric properties of classical spin networks. It was further shown in [22| . in the case of the 
6j-symbol, that it is possible to derive those recurrences as quantum constraints (Wheeler-DeWitt equations) coming 
from three-dimensional gravity. The same result holds in the four-dimensional context (27j using a Hamiltonian from 
topological field theory. Hence, it would be interesting to look at the asymptotics of those relations with small and 
large spins, and to look for a similar regime where the asymptotic geometry is described in terms of 4-simplexes 
instead of tetrahedra. 
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